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DPE TAI SANG KIEN KINH NGHIEM

I. SO’ YEU LY LICH

Ho va tén: Ngb Xuan Ali

Ngay thang nam sinh: 19.6.1962

Nam vao nganh: 1983

Chute vu va don vi cong tac: Giao vién truong THPT Chuyén Lam Son
Trinh dé chuyén mon: Thac sy Toan hoc

Hé dao tao: Vién Toan hoc Viét Nam hé chinh quy.

Bé mon giang day: Mon Toan

Ngoai ngir: Tiéng Anh

Trinh do chinh tri: So cép

Khen thwong: Bang khen ctia Bo truong B GD & DT, Bang khen ctia Chu
Tich UBND Tinh Thanh Héa, Chien sy thi dua cap nganh va Sang kien kinh
nghiém moén Toan Xép loai B cua S GD & DT Thanh Hoa.

Il. NOI DUNG CUA DE TAI

Tén dé tai: MOT SO BAI TOAN CUC TRI HINH HOC TRONG MAT
PHANG TOA PO

Ly do chen dé fai: Trong cau triic dé thi Pai hoc mén Toan dang ndy chiém mot
phén khong nho, gdm 2 cau chon mét vé hinh hoc phang toa d6 & muc kho (murc
diém 8/10); 2 cau dang tuong tu cua hinh hoc khong gian toa do va mot cdu kho
nhat (mutrc diém 10) ¢6 cling dang vé bat dang thirc, cuc tri.

Yéu cdudé thwe hién dwoe dé fai: Kién thic tong hop Va sic sao Vé nhiéu phan
mon, nhu: hinh hoc phang & cac 16p THCS, vecto va toa do, bién doi dai sd bat
dang thuc, giai tich phuong trinh va ham s6. Khé voi phan dong hoc sinh, tham
chi ca vdi mot bd phan giao vién chua cod nhiéu kinh nghiém.

Pham vi thoi gian thwe hi¢n dé tai: Thuc hién trong nhiéu nim hoc tir 2006
dén nay, tai truong THPT Chuyén Lam Son.
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ll. QUA TRINH THWC HIEN DE TAI

Co s¢ Iy thuyét: Véi mdi vi tri xac dinh ctia mot dbi twong hinh hoc hodc vi
tri twong dbi cua cac ddi tuong hinh hoc nhu diém, duong thang, dudng tron
déu chira trong n6 nhirng dai lugng vé g1a tri goc, khoang cach, dién tich v, v

. Va trong mdi tap gia tri nhu thé - c6 thé ton tai hoac khong cac gia tri lon
nhat nhé nhét cua nd. Pé tai nham xem xét mdt sd bai toan do.

Tinh trang thwe té khi chwa thwe hién: Hoc sinh c6 rat it kinh nghiém trong
viéc tim t0i phuong phéap giai dang ndy. Khdng c6 kha ning tong hop thong
ké, phan dang bai toan. Kién thtrc hinh hoc & THCS hoic chua du hodc quén.
Con thiéu kién thtrc va niém tin vao dang dai s6 cua bai toan vé bat dang thic.

Thanh qud khi @& thwe hign: Khic phuc duogc cho hoc sinh nhitng han ché
néu trén. Tang thém niém tin va say mé sang tao, tim toi cac loi giai hay. Thict
ké cac d¢ toan dep. Dat diém cao trong cac ky thi Pai hoc (Hau hét 1a diém 9,
diém 10).

Nhiétng bién phdp thie hién: (n6i dung chinh cta dé tai)

MG PAU

Tai liéu nay dugc chia thanh hai phan noi dung

Phan 1: Tom tat 1y thuyét vé& vecto va toa do trong mit phang.
Phan 2: Cac bai toan ap dung.

Cé4c bai toan vé cuc tri hinh hoc giai theo phuong phép toa do. Bao gdm
nhirng bai toan suy tu cac tinh chat co ban kinh di€n cua hinh phang. Mirc d6
kho dé ndi chung la twong duong cac dé thi Pai hoc hang nam.

Trong tai liéu, cac dé bai thuong 1a tham khao tir cac dé thi thir Pai hoc ¢ cac
truong PTTH trén ca nudc. Tac gia sap xep lai theo dang va dua ra cac cach
giai cung nhirng phan tich binh luan.

Tai liéu d4 duoc tac gia sit dung thudng xuyén hang nim ¢ nhiéu 16p hoc,
khoa hoc va dat hiéu qua cao.

Chan thanh cdm on va mong nhan duoc su gop ¥ va bd sung ctia moi ngudi.
Dia chi lién hé duoc in & mdi cudi trang.
Thanh Hoa, thang 5 nam 2014.
Nguoi viét: Ngo Xuan Ai.
Gido vién truong THPT Chuyén Lam Son.
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Phan 1. TOM TAT LY THUYET
(Vé phuong phap toa do trong mat phﬁng)

. Phép toan vécto va toa dd trong mit phiang

o D¢dai: A=(x; y,) va B=(X,; y,), thi AB :\/(x2 —X)*+(Y, —y,)* .

e Goc:U=(a;h) vav=(x;y),taco: cosx(ﬁ,\7):ax +hy .
o Khodang cich: A:ax +by+c=0va A":ax +by +c'=0; M(X,;Y,)-
|ax, +by, +C| lc—c]

Ja? +b% Va2 +b?

e AB,C théng hang < ton tai k € R sao cho: AB =kAC .

d(M, A) = va d(A, A') =

e ABLCD < ABCD=0.
e Bt ding thirc: U=(a;b) vav=(x;y).

—

u

—

\"

—

u

—

Suyra:jutv| < +(vliva|uv|<|ullv].

. Pwong thang, dwdng tron va conic
Puong thang Azax +by +¢=0.
Puong tron (C): (x —a)® +(y —b)* =R?, tam 1 (a;b) béan kinh R.
2 2
Elip: (E) = {M|MF, + MF, =2a}; X—2+Z—2=1 @>b>0).
a
c?=a’-b%*(c>0).

Tiéu diem: F,(—c; 0) va F,(c; 0). Tieucw: FF, =2c. Tam sai: e = c (e <1).
a

Ban kinh qua tiéu: FM =a +Sx va F,M =a —Sx (Y M(x; y) € (E)).
a a
2 2

Hyperbol: (H) = {M|MF, =MF,|=2a}; (H): 2% =1 @>0,b>0).

a? b2
2 _ 2 R2 . b
c°=a“+b%,c>0 (e>1) . Tiémcand,,: y==—X.
! a
Parabol: (P)={M /MF =d(M,A)}.
Phuongtrinh chinh tdc: (P): y? =2px, p la tham sé tiéu (p > 0).
P

Tiéu diém: F (%, 0]. Puong chuan A:X = —E.
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Phan 2. CAC BAI TOAN MINH HOA
MJi bai toan sau ddy déu dugc cho trong mit phang toa dd Oxy , do d6 ta quy udc
mbi dé bai déu bat dau bang cau: "Trong mat phing véi hé toa d6 Oxy , cho ... "

MOdi bai toan duoc trinh bay theo thu ty: Pé bai. Loi giai hoic Hudng din
hoac Két qua. Loi binh va Bai toan tuwong tu (néu co).

Bai 1: Cho diém A(2; — 3) va duong thang A: x —2y —5=0.
1) Tim toa d6 diém M ndm trén A sao cho MA ngin nhat.
2) Viét phuong trinh A' qua A, sao cho d(O, A") 16n nhat.
3) Viét phuong trinh d qua A, sao cho d(d, A) Ién nhat.
& Huéng dan:

1) Cach 1: (Phuong phdp hinh hoc) Goei H la hinh chiéu cua A trén A, ta c6
MA>AH , suy ra M can tim trung véi H.

A Khi @6, AM di qua A va vudng goc voi A.
X—-2y-5=0
Toa do M (X;y) théa man hé: %
2X +y—-1=0.
A
o (7.9
M H Suyra: M _(g, —gj.

Céach 2: (Phwong phdp dai sé) M thudc A, suy ra: M (2t +5; t).
AM? = (2t + 3)? + (t + 3)* =5t* + 18t + 18.
9

Suy ra MA ngén nhat, khi va chikhi t = —%. Suy ra: M = (g —gj

2) Goi H Ia hinh chiéu cua O trén A, ta c6: d(O, A") =OH <OA.
o) Déu bang xay ra, khi va chi khi H = A.

A' nhan OA = (2;—3) 1am véc to phap tuyén.
Al

A H Phuong trinh A" 2x -3y —13=0.

3) d di qua A khdng thudc A, nén d va A cat nhau hodc song song.
Truong hop d va A cit nhau thi d(d, A) =0. Do d6 ta chi xét d //A.

Phuong trinh d : x -2y —8=0.



Bai 2: Cho diém M(3; 1). Tim toa do diém A thudc tia Ox va B thudc tia Oy

sao cho tam gidc MAB vudng tai M va c6 dién tich S
a) nho nhat.
b) l6n nhat.

& Huéng dan: A@;0),a>0 va B(0;b),b>0. 10

Suyra: MA=(a-3,—-1), MB =(-3;b-1).
MAMB =0 < 3@-3)+(b-1)=0 <hb=10-3a.

b>0 :as% *).

2S=MAMB = 3(a’—6a +10).
Khao sat ham f(a) = 3(a® —6a +10), trén doan [0; %} :

Ya

a

0
230 STl
f(a)::ﬁ;:i\ ol
2 3ol

LT LT

3 10
3

T ATV YA

Tuday suyra: ®« maxS=15,khia=0. Khidob =10, suyra: A(0; 0) va B(0; 10).
. minS:g,khia:3.Khidc’>b:1,suyra: A(3; 0) vaB(0; 1).

& Bai todn twong ti: Thay so liéu bat ky M (a;b), véi a va b duong.

Bai 3: cho hai diém A(3;4) va B(-1; 2), dudong thang A: X =2y —2=0. Tim

toa do diém M nam trén A sao cho;

a) MA? + 2MB? nho nhat.

b) MA? —2MB? 16n nhét.

& Huéng din: M € A, nén M (2t +2;t).

Suyra: AM =(2t-1t-4) vaBM =2t +3;t-2).
AM? =5t% —12t +17, 2BM? =10t? + 16t + 26 .

a) MA? +2MB? = 15t% + 4t +43.

MA?Z +2MB? dat min, khi va chi khi: t =—%. Viy, M Gg

26 _3]
15 )
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b) MA? - 2MB? = —5t% -28t —9.

MA? —2MB? dat max, khi va chi khi: t =—%. Viy, M (—%; —Ej.

& Bai toan tong quat: "Cho n diém A (i =1,2,...,n) van sb thuc a, . Tim toa do

n
diém M trénAdé S = a,MA? dat gi4 tri nhd nhat (hogc 16n nhat)".

i=1

Bai 4: cho A: x —2y —2=0, céc diém A(3;4), B(-1;2) va C(0;1). Tim toa
d6 diém M nim trén A sao cho P = [MA—2MB + 3MC| nho nhét.

& Huéng din: M € A, nén M (2t +2;t).
Suyra: AM =(2t-1Lt—4), BM =(2t +3;t-2) vaCM = (2t +2;t - 1).

AM —2BM +3CM = (4t —1; 2t —3), suyra: P?=20t* —20t +10.

P min < P?min @t:—%. Khi d6: M (1; —%)

& Céach gidi khac: Goi G 1a diém théa mdn GA—2GB +3GC =0 (*).

Biéu thtc (*) x4c dinh toa d6 diém G va MA—2MB +3MC =2MG .
P min < MG min . Giai twong tu Bai 1.1 (M 1 hinh chiéu ctia G trén A).

& Bai toan tong quat: "Cho n diém A (i=1,2,..,n) van so thyc a;, thoa méan

iai MA

i=1

n
> a; #0. Timtoa dd diém M trén Adé P = dat gi4 tri nho nhat".

i=1

& Bai todn tiong ti trong khdng gian véi hé toa dj Oxyz , trong d6 dudng thang
A duoc thay boi mit phang (P).

Bai 5: cho dudng thang A: x —2y +1=0, hai diém A(2; 1) va B(L; 0). Timtoa
d6 diém M ndm trén A sao cho

1) MA+MB nho nht.
2) [MA—MB | I6n nhat.



® Loi giai: Pat f(X;y)=x -2y +1.

A .
g Taco f(2;1).f(1;0)>0,suyra A va B nam
A B cuing phia nira mat phang b 14 A.
/M Goi A" ddi xtimg voi A qua A, toa do A'(X;y).
Cl 2X +y —5=0
A zy 1 Suy ra: A'(ﬁ' gj
X; —zy; +1=0. 5'5)

1) MA+MB =MA'+MB >A'B.
Ping thirc xay ra, khi va chi khi M 13 giao diém ctia dudong thang A va doan
thang A'B (do A' va B nam hai phia ctia A nén ton tai duy nhat diém M nhu thé).

Toa do M (x;y) thoa man hé: {3 Suyra: M

2) IMA-MB|<AB.
Pang thirc xay ra, khi M, A, B thang hang vd M nam ngoai doan thang AB .
Do d6 M 1a giao diém cta dudng thang A va duong thaing AB (do A, B nam cling
phia ciia A nén ton tai duy nhéat diém M nhu thé).
X—-2y+1=0

Toa ddo M (x;y) théa man hé: Suyra: M (3; 2).
X-y-1=0.

& Binh: Trong y 1, do A va B nam clng phia, nén A' va B niam khac phia
duong thang A. Vi thé ton tai diém M 1 giao cua duong thang A va doan A'B..
Trong y 2, dé sai 1am khi két luan M 12 giao ctia duong thang A va doan A'B .

Bai 6: cho hai diém A(2; 1) va B(1; 2), dudng thang A: x —2y +1=0. Tim toa
d6 diém M nam trén A sao cho

1) MA+MB nho6 nhét.

2) [IMA—-MB| I¢n nhat.

& Hirdng dan va két qua:
A va B nam khéac phia nira mat phang bo 13 A.

1) Tacé: MA + MB > AB.

M Ia giao ctia doan thang AB Véi A. Toa d6 M @ %) .
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2) Goi A" ddi ximg v6i A qua A, taco: [MA—-MB| = |MA'-MB| <AB.

Xay ra dang thirc, khi M 13 giao cta duong thang A'B Vi A.

Toa do A'(§; g] va M (E §j
55 55

& Hai bai todn mdu:

Cho dudng thang A va hai diém A, B. Timtoa do diém M trén A sao cho
1) MA+MB nho nhat, néu A va B nam cing phia d6i voi duong thang A.
2) [MA—MB | I6n nhét, néu A va B ndm khéc phia doi voi dudng thang A.

Bai 7: cho A(2;1), Ai: 2x —y +2=0, Ayl X +3y +5=0. Tim toa d6 cic diém
B va C twong tng nim trén A; Va A, sao cho chu vi tam giac ABC nho nhét.

& Huéng dan:
X+2y-4=0
X:y): -2;3). T tur: 0;-5).
AlGY) {2.(x+2)—(y+1)+4=o:>'°‘1( )- Tuong tu: £,(0: =5)
4 5=0
B(x;y): X+y= :>B(—Z;—Ej.Tuongm:C(—E;—Ej.
2X-y+2=0 6 3 11 11
— — (5 20\ — (12 48
Thr lai: =(2;,-8),AB=|—;— |, AC =| —; —|.
u lai: AA, = ( ) A (6 6]& (11 11]

A@':%Aﬁ':%@,suyra: A/, B, C vaA, thang hang, theo thir tur dy.

Vay: B(—Z; —Ej vaC(—E; —Ej
6 3 11 11

% Binh:

Sai lam khi chi lay diéu kién chu vi
A, tam giég ABC dat min la A1 B, C
va A, thang hang ma khong keé thtr tu cta
cac diém.
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Trén co s6 la: @6 dai duong gap khic ABCA, ngan nhat khi va chikhi A, B,
C va A, thang hang, theo thiz zr dy.

Ban doc tham khao vi du, voi: A@2; -3), A;: X -2y +3=0,A,: 3x+y+2=0.

Két qua: Ai(—% 25—9j A (-1 -4), B(g ;j VéC(—%;%j.

Bai 8: cho diém A(2; 1), dudng tron (C): (X +2)° +(y —1)* =5 va duong thing
A:X+2y +10=0. Timtoa d diém M thudc (C), sao cho:

c) do dai MA
a) nho nhat.
b) 16n nhat. M,
d) khoang cach d(M, A)
a) nho nhat. M
b) 160 nhat. K

& Hudéng dan: (C) c6 tam I(- 2; 1), ban kinh R=+/5.
1) A2;1); Al =4 >R, A nam ngoai (C). Xét vdi M 1a diém bét ky (C), ta c6

& Céch 1 (Phuong phdp hinh hoc) Goi MM, 1a dudng kinh di qua A, M, nam
gita A VA M,, tacé: AM >Al —IM =AM, va AM <Al +IM =AM,.

Suyra: AM mine M =M, AM max< M =M,.

y-1=0 (;y)=(-2-+5;1)
2 2 <

X+2)°+(y-1)"=5 | (x;y)=(-2++/5;1).

Tinh d6 dai AM , suy ra: Mlz(—2+\/§; 1) va M, :(—2—\/5; 1).

Khi do, toa do0 M (X;y): {

& Cach 2 (Phwong phdp dai sé) M(X;y) théa man (X +2)° +(y —1)* =5
AMZ =(x =22 +(y-1)*=(x +2)* +(y —-1)*—8x =5-8x .
(y—1)2=5-(x+2)>>0,suy ra: x2+4x —1<0 < -2-/5<x<-2++5.

Suy ra: M, =(-2++/5;1) va M, =(-2-+/5;1).
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2) d(1; A)=5+/2 >R, suy ra A khong cét (C).

Goi MM, 1a duong kinh vudng goc voi A tai H, M, nam giita H va M,.
Goi K la hinh chiéu cia M trén (C), ta c6: M;H <MK <M H .

Suyra: d(M, A) mine M =M,, d(M, A) max < M =M,.

2 _1\2 _
Khi do6 toa d0 M (X;y) théa mén h¢: {(X +2)+y -1 =5

2X -y +5=0
{(x +2)% +(2x +4)* =5 {(x +2) =1 {(x;y) =(-3;,-1)
= = =
y=2X+5 y=2X+5 x;y)=(-1 3).

Tinh d(M, A), suy ra: M, =(-3;-1) va M, =(-1; 3).
& Liu Y rang:

Néu A va (C) cat nhau thi mind(M, A) =0 (xay ra tai cac giao diém).

Bai 9: cho hai dudng tron (Cp): (x —1)*+y* =1, (Cp): (x —1)° +(y —4)° =4.
Tim toa do diém M trén (C,) va diém N trén (C,) sao cho do dai MN

a) 16n nhét.

b) nho nhat.

& Huodng dan

(C):1(1;0), r=1;

(C): J(L; 4),R=2,
J=4>R+r.

(Cy) va (C») ndam ngoai nhau.
Gia st 1J cét (Cy) va (C,) theo
thetrla A, B, C, D.

Ké cac duong vudng goc véi MN tai M va N, cat dudng thang 1J tai E va F tuong
tmg. Ta cd E va F tuong tg thudc cic doan thang AB va CD.

Suyra: MN <EF <AD.

Tuong ty, néu ha MH va NK wvubng géc véi CD, ta c6: BC <HK <MN . Do
do ta duoc BC <MN <AD.

Phuong trinh duong thang 1J: x —1=0.
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x=1 ) =11
Toa do A, B thoa man hé:{ C{(x,y) 1 1)

x-D%+y?=1 | (x;y)=(-1).
Toa do C, D thoa man hé: x=1 - {(X; y)=@2)
x-1°+(y-47=4 [(xy)=(@6).

Két qua: a) M (L; —1) va N (L; 6) (thi MN I6n nhat).

b) M(L;1) va N(1;2) (thi MN nho nhat).

Bai 10: cho duong tron (C) tdm I, ban kinh R. Hai diém A va B (ndm ngoai
(C) thoa man IA = k.R, diéu kién ndy cho an). Tim toa d6 diém M nam trén
(C), sao cho biéu thic P = MA + kMB dat gia tri nho nht.

Vidu: (C): x> +y?=9 va A(0; 9), B(-1;6). Timtoado M

¥4 thude (C) sao cho biéu thie P = MA + 3MB dat min.

\
6 & Hirdng dan va Két qua
3 (€): O(0;0),R=3; 0A=9=3R.
\ Goi K(1; 0), tac6 OM = 30K
K AAOM ~ AMOC va AO = 3MO
/ = MA=3MK.
Suy ra: P =3(MK + MB) > 3BK.
Dau bang xay ra, khi M thudc doan thang BC. Pép s6: M(0; 3).

© >
3/

Bai 11: cho diém A(3; 1) va dudng tron (C): (x —2)° + (y + 3)* =25. Viét phuong
trinh dudng thing A di qua A, cét (C) tai M va N, sao cho do dai MN

1) 16n nhé:[.

2) nho nhat.

& Huomg dan: (C): 1(2; — 3), R=5.
IA =17 <R hay A nim trong (C).

1) MN <2R . D4ubang xay ra, khi A di qua l.

\\A>/ Phuong trinh A: 4x —y —11=0.
N
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& Binh:

Lac nay MN 1a duong kinh cua (C), hay duong thing A di qua A va I. Két qua
luon ding cho moi truong hgp cia A (nam trong, ngoai hay trén dudng tron).

2) Goi H 1a trung diém MN, suy ra IH L MN.
Khi d6: MN =2MH va IH <IA

Suy ra: MN =2MH =2yIM2 —IH2 >2/R? — 1A2 =442
Déu bang xay ra, khi chi khi H=A hay A L IA.
A di qua A(3; 1), nhan 1A= (1; 4) 1am vecto phap tuyén: X +4y —7=0.

& Binh: Két qua chi ding cho trudng hop A nam trong dudng tron. Trong
truong hop nay, ta ludn co: 42 <MN <10.

Bai 12: cho diém A(1;—3) va dudng tron (C): (x —2)*+(y +6)*=50. Tim
toa do diém M thudc (C) sao cho AMI 1on nhét, | 12 tdm cua (C).

& Loi gidi:

(C): tam 1 (2; —6), ban kinh IM =5+/2.,
A(L; —3), suy ra Al*=10.

M
C)

Aj - 2 2 Ap2
| cos AT = AMZ £ MIZ - Al
2 AM Ml
:L(AMqL 40 jzzﬁ.
1042 AM 5
40

cosAMI dat min hay AMI dat max, khi: AM =g &AM 2240,
Khi d6: AM? +Al*=50=MI?%, hay AMI Ia tam gi4c vudng tai A.

Xx—-3y-10=0 {x:3y+10

M (x;y) thoa man: &
(:y) {(x—2)2+(y+6)2:50 y?+6y +5=0.

Suyra: M(7;-1) va M(-5; -5).
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% Cach khac (phuwong phap hinh hoc)
Goi N 14 giao diém ctia AM véi (C), H 14 trung diém MN, ta c6: IH L MN.

Suy ra: sinAMI = H _1A :\/g.
M IM 5

Ping thirc xay ra, khi H =A.
' Khi d6 MN LA,
AM nhan Al = (L; —3) lam vecto phap tuyén.

M N
w x —3y ~10=0
M (x;y) théa mén:

(x —2)? + (y +6)* =50.

Suyra: M(7;-1) va M(-5; -5).

Bai 13: cho A(3; 1) va (C): (x —2)*+(y +3)* =25, tam I. Viét phuong trinh
duong thing A di qua A, cat (C) tai M va N, sao cho IMN ¢6 dién tich S 16n nhét.
Cau hoi tuong tu, voi A(3; — 2).

& Hirdng dan:

(C): tdm 1(2; — 3), ban kinh R = 5.
| IA=4/17 <R hay A nim trong (C).

2 i AID
& Cach 1: S:wz%sinAlB 322—5.

Ping thirc xay ra, khi: MIN =90°.

. ] R 5
Goi H 1a trung diem MN, taco IH L MN, suyra d(l,A)=IH =—=—.
: g yrad(l, A) 7
A di qua M(3; 1), phuong trinh dang: a(x —3) +b(y —1)=0, a* +b* =0 (*).
a+4b
Thoa mén: ja+ ‘: > < 2(@+4b)? =25@% +b?).
JaZ +b? 2

Tir diéu kién (¥), suyrab =0. Chon b = -1, ta dugc:

2(@—4)>=25(’+1) < 23a’+16a-7=0 < a=-1 hoic a:27—3.
Phuong trinh A: X +y —4=0 hoac A: y:27—3(x—3)+1.

14



% Céach 2:
IH*+25-1H? 25

| S=IHA25-1H? <

2 R
M \\A_H/ N Ping thirc xay ra, khi chi khi: 1H =~+/25—1H?
5 5
< IH=— hay d(I, A)=—.
77 (I, A) 7

... dén day, tuong tu cach 1.

& Cach 3: Bat IH =x, 0<x <+/17. Suy ra: S = xv/25-x2.
Xét ham f (x) =x~+/25-x?, 0<xs\/ﬁ.

Taco: f'(x) =25 x> _25-2 (X)) =0 x =
\/ \/25 X V2
X 0 S J17
V2 Tir d6: S dat max khi va chi khi:
f'rx) fos o+ 00— Ul 5
SN ——— d(l, A)=—.
NN el {.4) J2
f(x) tooo ,
(x) i / \ NI ... dén day, tuong tu cach 1.

& Két qua: Phuong trinh A: X +y —4=0 hodc A: y:27—3(x -3)+1.

& Cau hoi twong tw voi A(3; —2). Tuong tu cach 3, ta c6: 0<IH < IA=+2
hay 0<x <+/2.
Dién tich S = xv/25-x% . Xét f(x) =xv/25-x?, véi 0 <X <\2.
x? 25— 2x? L
f'(x) =25 -x? >0, suy ra f(x) dong bién.
\/25 X2 25 %
S dat max tai X =+/2. Khi H = A, hay A L IA. Phuong trinh A:x -y —5=0.

% Binh:
1) Trong truong hop A(3; —2) khdng giai dugc bang cach 1 va cach 2 do
khong xay ra IH :%, Véi 0<IH <+/2 . Cach 3 Ia cach giai tdng quat.

2) Néu giai theo cach 1 va cach 2, sai lam khi két luan vo nghiém.

3) Bién ludn hinh hoc vé vi tri diém A d6i véi (C) hay do dai 1A so véi R.

15



Xét duong tron (T): (I : E] - @6ng tAm va nam trong (C): (I : R).

V2
eS= R—2 < d(l, A) :i, hay AB la tiép tuyén cta (T).
2 V2
Y Néu IA>% hay M nim ngodi (T) thi c6 hai
) duong thang A 12 tiép tuyén voi (T) ké qua A.
N ) IA< % < M e (T) hoic M nam trong (T),

c6 ding mot dudng thang A thoa min yéu cau
M Lo ,
M bai ton. Khi do IA L A hay duong thing A
nhan IA lam véc to phap tuyén.

Bai 14: cho diém A(2; -1), duong tron (C): x?+y?—-2x +4y —4=0; hai
duong thang A; va A, vudng goc véi nhau tai A; A, cit (C) tai M va N, A, cét
(C) tai P va Q. Viét phuong trinh A; va A,, sao cho dién tich S cua tir giac
MPNQ dat

1) nho nhat.
2) 16n nhat.

& Huéng dan: 1(1; — 2), R=3; 1A= (1; 1), A nam trong (C).
H va K tuong tng 1a trung diém cua MN va PQ, ta c6: IH L MN va IK L PQ.
Do d6 IHAK I hinh chit nhat, suy ra: 1H? + IK* = 1A% =2, khong doi.

MN.PQ

S= = 2MH.PK

= 2J(R? - IH?)(R? - 1K?)

= 263+ IH2IK? .

1) Suy ra: S > 2/63. Pang thirc xay ra khi:
IH.IK =0, tirc A; hoac A; di qua tam |.
Do d6 S nho nhat, khi mot trong hai dudong
thang A; hodc A, tring véi dudng thang Al,
duong thang con lai trong ching vudng goc
voi Al (tai A).

Ta duoc A;: X -y —3=0 vaA,: x+y+1=0.

16



(|H2+|K2)2

2) Do IH2IK?< =1,suyra: S<16.

Déu bang xay ra khi: IH = IK. Khi d6 d(l, A):%:l.

A di qua M, c6 phuong trinh dang: a(x —2) +b(y +1) =0, a’* +b* =0 (*).
la+b|
Va® +b?

Vay, chon: A;: X —2=0 va A;: y +1=0 (hoac ngugc lai).

Thoa man: =1 ab=0<«< a=0hoach=0.

% Binh:
d(l, A)=1, ching to A 1a tiép tuyén ctia dudng tron C(l, 1).
d(l,A)= % ching to A cat dudng tron C(1, 1A) tai hai diém B va C sao cho

tam giac IBC vudng can tai I, hay dién tich IBC 16n nhét.

Bai 15: cho hai dudng tron (Cy): x?+y’—4x-6y—-4=0 va (C)):
(x +1)* +y* =5. Goi A va B 1a giao diém cua (Cy) va (Cy), A c6 hoanh d6 duong.

Viét phuong trinh duong thang A di qua A, cit (Cy) va (C,) tuong tng tai M va N,
sao cho A nam gitta M va N va

1) MN Ién nhat
2) Dién tich S cua tam giac BMN 16n nhat.

& Hudng dan: (C1):1(2;3), R=+17; (C2): J(=1;0), r =+/5.

. L |xXP+y*—4x -6y -4=0
Toa do A(X; y) thoa man hé: = Al -1).
(X +1)2+y?=5x>0

1) Goi H va K tuong ung la trung
diém cua AM va AN, suy ra:

' IH L AM va JK L AN hay IH // JK.

IHKJ la hinh thang vuéng tai H va
K, do do: MN = 2HK < 21J. Déu
M H A K N bang xay ra khi va chi khi HK // 1]
hay A nhan 1J =(-3;-3) lam véc
to chi phuong.
17




Puong thiang A di qua A(L; —1), c6 phuong trinh: X =y —2=0.

2) Do AMB va ANB Ia cac goc
noi tiép chan cung AB cb dinh cua
(Cy) va (Cy) tuwong trng, nén cac goc
BMN va BNM khong doi, suy ra
MBM =a khong doi.

N e
S= %BI\/I BN.sinMBM <2Rr.sina.

Nhan thiy, néu BM =2R thi BALMN , suy ra BN =2r. Do d6 S 16n nhét.
Khi d6 1J 1a duong trung binh cua tam giac BMN, hay MN // 1J.

A diqua A(L, —1) va nhan 1J = (=3; —3) lam vecto chi phuwong: x -y —=2=0.

Bai 16: cho diém M (3;1). Viét phuong trinh dudng thang A di qua M, cit tia
Ox va tia Oy tuong tng tai A va B (khéac O) sao cho:

a)  do dai AB nho nhat. ,
b) dién tich S cua tam giac AOB nho nhat.
c) khoang cach d(O, A) l6n nhat.
d) tong T=0OA+30B nho nhit.
9
e) P-=
) OA’

+ iz nhé nhét
OB

Y a & Huéng dan

Do A va B (khac O) lan luot thudc tia
Ox va tia Oy, nén toa do c6 dang:

A(a; 0) vaB(0; b), véia>0vab > 0.

A:£+X:1,théamén: §+1:1.
a b a
Diéu kién: 1:1—§>0,suyra:a>3 (*). Khidé:b:i:1+i.
b a a-3 a-3

2
a) AB? =a’ +b? = a2+(l+i3j (tai ddy co6 thé xét ham f(a),a > 3)
a_

18



6 9

_ _2)\2
=@-3) +a—3+(a—3)2

+6(@-3)+10

Joo 2 3 3 o[ 9 B B
23\/(a 3) .a_3.a_3+3\/(a_3)2.3(a 3).3@ - 3) +10

— 339 +33/81 +10.

Ding thirc xay ra, khi: (a—3)° =3 < a=3+%3.

e X o . X y
Khi d6: b=1+3/9, a va b thoa man *). Vay, A: + =1.
() Vay 3+¥3 1+3%9
& Binh: 1) CO6 thé mac mot sb sai 1am sau:
e AB®=a’”+b” > 2ab, dang thiic xdy rakhia =b.
Khidoa=b=4; AB*=32.
e AB?=(a—-23)*+ J > +6( 1 +a—3j+10 > 2.3+6.2+10=28.
(a-3) a-3
2) Két qua minAB? =339 +33/81+10~28,3 hay 28 <minAB? <32, suy
ra: Khong xay ra dau dang thuc trong danh gia AB?>28. Va rd rang khi
a=b ta mdi c6 AB® =32 ma khong suy dugc AB*>32.
3) Phuong phap xét ham f(@) = (a —3)? + 6 + J >+6(@—3)+10 cling
a-3 (@-3)
chi Ia dinh huéng céch giai. Chac chan 1oi giai s& kha ruom ra va kho khin
trong thuc hanh tim nghiém phuong trinh f'(@) =0 va xét dau f'@).

4) Bai tap nay c6 thé coi nhu 6n duoc kién thire tong hop: vé hinh hoc phang,
ve toa dg, vé bat dang thirc, vé ham so.

b) 2S=ab :a+i3 :a+3+i (cd thé xét ham f(a), a > 3 tai day)
a_

a-3
:a—3+i+6 > 2‘/(a—3).i+6 =12.
a-3 a-3
Ping thirc xay ra, khi va chi khi: a—B:L3 < a=0hoaca=6.
a_

Két hop (*), duoc: a=6, suyrab = 2.

Phuong trinh A: %+%:1 hay x +3y —-6=0.

% Binh: Xét ham f(a)=a +3+ LB cling kha don gian.
a —
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¢) Goi H Ia hinh chiéu ctia O trén A

= OH_LA=d0O,A) =0H<OM.

O q
A Dang thuc xay ra, khi chi khi: H=M < A L OM.
A A nhan OM = (3;1) 1am vecto phap tuyén.
M H

Phuong trinh A: 3x +y —10=0.

d T :a+3b:a+3+i3 (c6 the xét ham f(a), a > 3 tai day)
a_

:a—3+i+6 > 2‘/(a—3).i+6 =12.
a-3 a-3

Ping thirc xay ra, khi va chi khi: a —3 :% < a=0hoaca=6.
a_

Két hop voi (*), ta duge: a=6va b =2. Phuong trinh A: X +3y —6=0.

Céch 2: 1—§ 1>2‘/§— Suy ra: ab > 12.
a b ab

Do d6: OA+30B=a+3b > 2v3ab >12.

D4u bang xay ra, khi: E:%, a=3 va 1=§+%. Suyra:a=6vab=2.
a a

2 2
e)S:%+i2:( —lj +i2 :5(1j —2.1+1.
a“ b b b b b
Sm|n<:>1 E & b=5. Khldoa—E ta duoc A: 4—+le
b 5 4 15 5

2
Céach 2: Ap dung Bunhia: 1= (1 sj :(%_§+1_gj

a a b
s(£+lj(%+i2j.Dodé: 92+i2:%+i223.
9 a“ b OA° OB° a° b 10
3.1 2 1 2 2a 20

Diu bang, khi: =:===:1va =+-=1.Suyra:a= 10vab————.
a3 b a b 9 9

Phuong trinh d: 2x +9y —20=0.
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Bai 17: cho diém M(0;2), hai duong thing A;; 3X+y+2=0 va A
X -3y +4=0. Goi A la giao diém cua A; V& A,. Viét phuong trinh duong thang
A di qua M, cit A; va A, tai B va C tuong tng (B, C khac A) sao cho

T =i2+i2 dat gi4 tri nho nhit.
AB“ AC
) ; A L 3X+y+2=0
® Huong dan: Toa d0 A(X;Yy) thoa mén hé: Suyra A(-1;1).
X—-3y+4=0.

Nhan thay A, L A,, nén tam giac ABC vubng tai A.
1 1 1 1 1
+ = > ==,
AB® AC? AH? AM? 2
Ping thiic xay ra, khi: H =M < AM L1 BC . Phuong trinh A: X +y —2=0.

Ha AH L BC,taco: T =

Bai 18: cho (Cy): x* +y? =2 va(Cy): x> +y* =5, A(0; 1). Tim toa d c4c diém B
va C nam trén (C,) va (C,) tuong tmg, sao cho dién tich S cua tam giac ABC dat max.
& Bo dé: Cho hai dudng tron ddng tam C1(O, R) va C,(O, R") (R > R"). Céac
diém B va C lan luot di dong trén (C,) va (C,) twong tmg. Khi d6 S dat max
khi O 4 tryc tAm tam giac ABC va O nam trong tam giac.

Thét vay, néu co dinh B thi dwong thang AB co dinh.
Gid sir AB cdt (Cy) tai M va N, dién tich I6n nhat
khi CO _L AB. Twong tir néu cé dinh C. Tire O [a
triee tam ciia ABC. Khi dé C la diém chinh giita
cung I6n MN hay O nam trong tam gidc ABC.

Ap dung, véi: A(0; 1) € Oy = BC // Ox.

Do tinh d6i ;q'mg, ta gia su B c6 hoanh d6 duong, dang B :(\/Z—b2 ; b) suy
ra C :(—\/S—bz;b), b <0.
Suy ra: E:(VZ—bz;b—l), @:(\/S—bz; —b).

Thoa min: ABCO =0 < /(2-b?)(5-b%) =b( -1) < b=-1 (do b <0).

Suyra: B=(,-1) vaC =(-2;-1), hoac B=(-2;-1) vaC =(1,-1).
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Bai 19: cho (C): x*+y?—2x -4y +1=0, A: x -y +7=0. Tim toa d¢ diém
M trén A ma tir d6 ké duoc hai tiép tuyén MA, MB (A, B 12 tiép diém) sao cho
a) dién tich S cua tr giac MAIB nho nhat, | 1a tam cua (C).

b) d6 dai AB nho nhit.

& Huong dan: | (1;2), R =2. Goi H I trung diém AB, tac6 AH L MI.

M(;t+7),
MI2 =(t —1)% + (t +5)* =2t* + 8t +26.
B MA? =MI* -R? =2t + 8t +22.

a) S?=1A? MA? = MA? =8(t? + 4t +11).
Smin ot=-2.Dapsd: M(-2;5).

I\ b) AH |\/|A.|A:2\/1 4

224 8t+26°
ABmin <t =-2.Papsd: M(-2;5).

Bai 20: (C): (x —2)*+(y —1)* =10, tam I. Viét phuong trinh duong thing A

cach O mot khoang bang /5, cit (C) tai A va B sao cho tam giac AIB c6 dién
tich 16n nhat.

& Huodng dan: (C) c6 tam 1(2; 1), ban kinh R =+/10.
S max < d(l, A) = = = J5 = d(O, A).

A

Néu A di qua trung diém OI thi:

J5 =d(l, A) < %:?,v@ly

Ya

NéuA//Ol,suyraA: x —2y +c =0.
Théa man: d(O, A) = V5

A7

Phuong trinh A: x —2y £5=0.

& Y nghia hinh hoc: A 1a tiép tuyén chung ciia C(O, \/g) va C(l, \/g)
22



2 2
Bai 21: cho (E): X—6+31’—2_1 M( 1;—gj;Ava B thudc (E) va dbi ximg vai

nhau qua M . Timtoa dé C nam trén (E) sao cho ABC c6 dién tich S 16n nht.
& Huomg dan: Giasit A(X;y),suyra B(—2—x; -3-y).

AB e (E) < A(-4;0) va B(2; —3); AB =34/5 - khong dbi, suy ra:
Smax < d(C,(AB)) max.
Phuong trinh (AB): X +2y +4=0.

Y4

Giasu C(X,;Y,),suyra:

d(C,(AB)) =%\xo +2y, +4|.

M 5 d(C,(AB)) max < [x, + 2y, +4| max

< (X, +2y,) maxva X, +2y,>0.

2
x +2y Y =| 4% a3 Yo | <64 —+yL —64.Suyra: x. +2y <8.
(Xo +2Y,) y f23 TRAT, y ra: X, +2y,

, XS Y7 X, Y
Dau"="xay ra, khi: —>+-2-=1, —2=-%vax, +2y,=8. Suyra:C(2; 3).
16 12 16 24

2 2
& Ap dung liwong gidc: C e (E) :X—+)1/—2 =1,suyra: C (4sina; 2\/§COSa).

1
——|sin +=.
( 3j 2

& Y nghia hinh hoc — Nhdn biét toa dé C bang phwong phdp tiép tuyén:

dC,(AB)) = \/—‘SIHOC-F\/—COSOC—F].‘

d(C,(AB)) max, khi: a:E hay C (2; 3).

C lamét tiép diém ciia tiép tuyén A cua (E) va song song Vi AB.

A:x+2y—c=0,suyraC(c—2y;y), thba min: 16y* —12cy +3c? —48=0 ().

Piéu kién tiép xtc 1a phuwong trinh (1) ¢6 nghiém kép, hay: ¢ =+8
c=8=y?-6y+9=0=y=3 =C(2;3) = +5d(C,(AB))=12.
c=-8=y2+6y+9=0=y=-3 =C(-2,-3) = 5d(C,(AB)) =4,
Chon: C (2; 3).
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Phan 3. CAC BAlI TAP THAM KHAO

Trong Phan 2, mdi bai toan déu d4 c6 dinh dang cy thé. Tir d6, mudn c6 thém
bai tap tuong tu dé luyén tap ban doc chi can thay ddi sb liéu hoac béng cac
gia thiét twong duong. Sau day chi 1a mot vai bai tap khac dang, s thu tu
duoc danh tiép lién tuc.

Bai 22: A(3; 4), B(1; 2) va C(5; 0). TimViét phuong trinh dudng thang A di
quaAsaocho T =2d(B,A)+d(C, A)

3) 16n nhat.

4) nho nhat.

Bai 23: cho duong tron (C): (x —2)*+(y —3)? =4. Viét phuong trinh tiép
tuyén cua (C), cat cac tia Ox va Oy tai A va B tuong mg, sao cho (C) nim
trong tam giac AOB ddng thoi dién tich S cua AOB dat gia tri nho nhat.

2 2

Bai 24: cho (E): )1(_6+y5 =1. Piém M va N tuong tng chuyén dong trén tia

Ox va tia Oy sao cho duong thing MN tiép xuc vai (E). Tim MN sao cho d6
dai MN nho nhat. Tim gié tri nho nhit do.

Bai 25: cho mot diém P, hai duong thang cat nhau d; va d,. Puong thang A
thay doi qua P cit hai canh cua goc nhon tao bdi dy, d, twong Ung tai A, B.
Viét phuong trinh cuia A sao cho dién tich tam giac ABC nho nht.
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KET LUAN

Tai liéu nay duoc 1a mot phan dugc trich ra tir tai lidu tong hop cua chinh tac
gia. N6 chi bao gdm mdt "Mot sé bai toan cuc tri cua hinh hoc toa do trong
mit phing". Tac gia chan thanh cam on va mong nhdn dugc ¥ kién dong gop
cuia moi nguol.

Thanh Hoéa, ngay 12 thang 5 nam 2014
TAC GIA

Y KIEN NHAN XET PANH GIA VA XEP LOAI

CUA HOI PONG KHOA HQC CO SO

CHU TICH HQI PONG

25



